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overhauls  a single  type  of  complex  equipment  such  as  aircraft 


transmitters,  navigational  computers,  or  electrical  generating 


units 


vendors  if  the 


process  does  not  satisfy  all  demands 


The  paper  considers  the  problem  of  computing  jointly  optimal 


include 


expediting  and  inventory  holding  costs,  and  penalties  for  incurring 


shortages  or  for  modifying  the  schedule  from  previously  established 


levels.  Multi-period  lead  times,  obsolescence  and  time-discounting 


The  paper  presents  two  solution  procedures  for  this  scheduling 


formulation  that  involves  two  state  varables  and  two  decision 


variables  for  each  planning  period.  Next,  we  present  the  Support 


Level  Algorithm  (SLA)  which  determines  an  optimal  "Manne-type 


schedule.  In  two  important  special  cases,  the  SLA  simplifies  to 
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Consider  an  organization  such  as  that  Illustrated  In  Figure  1 that 
repairs  or  overhauls  complex  assemblies  and  places  the  repaired  assets 
in  Inventory  to  meet  demands  for  serviceable  Items.  In  this  system. 
Initial  serviceable  stocks  are  procured  from  an  outside  vendor,  and 
additional  serviceable  stocks  may  be  procured  from  the  vendor  if  It  Is 
not  possible  or  Is  uneconomical  to  satisfy  all  customer  demand  through 
operation  of  the  repair  facility. 

As  illustrated  In  the  figure,  many  but  not  necessarily  all  demands 
are  accompanied  by  a "turn- In"  of  a reparable  asset.  Generally,  the 
total  number  of  turn-ins  during  a given  period  of  time  will  differ  from 
the  total  demand  for  serviceable  assets  during  the  period  due  to: 

a.  condemnation  or  loss  of  the  asset  at  the  customer  level 
due  to  wearout,  accident,  theft,  or  other  causes, 

b.  increased  levels  of  customer  operation,  resulting  In  an 
initial  demand  for  serviceable  assets  to  Increase  both 
the  number  of  serviceable  units  operating  In  the  field 
and  the  customer ''s  Inventory  of  spares  of  these  Items, 

c.  decreased  levels  of  customer  operation,  resulting  In 
turn-ins  without  corresponding  demands  for  serviceable 
assets. 

Once  a reparable  asset  becomes  available.  It  Is  transported  to  a 
manufacturing  facility  for  repair.  These  assets  are  first  stored  in  an 

unserviceable  Item  warehouse.  When  sufficient  reparable  assets  are 
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Figure  1.  A Simple  Inventory  and  Repair  System 
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available  to  Justify  setup  of  a repair  line  and  when  sufficient  facilities, 
manpower,  and  material  are  available  to  support  the  repair  effort,  a batch 
of  Items  are  Inducted  Into  the  repair  process.  After  a suitable  flow  time, 
the  Items  are  repaired  and  moved  to  the  serviceable  Item  Inventory.  In  this 
paper,  we  assume  that  the  repair  process  converts  reparable  assets  to  a "llke- 
new"  condition,  l.e.,  repaired  assets  are  functionally  Indistinguishable 
from  new  Items. 

Let  us  assume  that  the  manager  of  this  hypothetical  organization  must 
devise  detailed  procurement  and  repair  schedules  for  each  Item  In  the  system. 
These  schedules  establish,  respectively,  the  specific  quantities  of  each  Item 
to  be  procured  and  repaired  for  each  of  several  future  periods.  The  develop- 
ment of  these  schedules  Is  complicated  by  the  limited  availability  of  reparable 
assets  and  by  physical  and  administrative  limitations  on  the  manpower,  equipment, 
facilities,  and  funds  available  to  support  the  repair  and  procurement  efforts. 

We  assume  that  these  schedules  are  to  serve  as  the  basis  of  long-term  pro- 
curement contracts  with  the  external  vendor  and  with  suppliers  of  the  repair 
facility.  Hence,  once  these  schedules  are  established.  It  Is  extremely 
difficult  If  not  Impossible  to  modify  them,  at  least  In  the  near  term. 

Our  objective  Is  to  assist  the  manager  of  this  hypothetical  system  by 
Identifying  a set  of  schedules  that  minimize  the  discounted  expected  costs  of 
operating  this  complex  system,  consistent  with  the  operating  constraints 
described  above.  In  this  paper,  we  develop  algorithms  for  solving  single-item 
scheduling  problems,  l.e.  problems  In  which  there  Is  no  significant  competition 
among  Inventory  Items  for  production  resources.  In  a later  paper,  we  will 
show  how  large  scale  optimization  techniques  may  be  employed  to  reduce  the 
constrained  multi-item  scheduling  problem  to  a series  of  the  single-item 
problems  that  are  discussed  here. 


I ^ 

■v 

5 


I 1 


-4- 


i I 

I i : 


The  paper  consists  of  three  sections.  In  Section  II,  we  develop  a 
general  model  for  the  repair  scheduling  problem,  and  we  then  present  a general 
dynamic  programming  prodedure  for  solving  this  problem. 

Section  III  presents  the  Support  Level  Algorithm  (SLA) , which  determines 
an  optimal  "Manne-type"  schedule.  In  two  Important  special  cases,  the  SLA 
simplifies  to  a form  quite  similar  to  the  well-known  Wagner-Whltln  algorithm. 
We  conjecture  that  this  algorithm  should  produce  near-optimal  solutions  to  the 
original  scheduling  problem,  but  at  a lower  computational  cost.  However,  this 
conjecture  Is  yet  to  be  tested  computationally. 


II.  A Single  Item  Model 
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In  this  section  we  develop  a technique  for  computing  jointly  optimal 
procurement  and  repair  schedules  for  a relatively  simple  single  Item 
inventory/repair  system.  Later  In  this  section,  we  discuss  how  the  basic 
technique  may  be  extended  to  deal  with  more  complex  single-item  systems. 

V 

We  assume  that: 

11. 1.  All  unsatisfied  demand  Is  backordered  until  filled; 
no  sales  are  lost. 

11. 2.  Sufficient  manpower,  equipment,  and  funding  Is  available 
to  support  any  "reasonable"  procurement  or  repair  schedule. 

11. 3.  Both  procurement  and  repair  leadtimes  are  one  period. 

Let  T2,...»Tj  denote  the  I times  within  the  planning  horizon 

that  inventory  reviews  take  place.  For  convenience,  we  assume  Tj  = 0 
and  we  refer  to  the  interval  between  the  times  and  as  period  1. 

We  define: 

i 

W£  ■ quantity  of  serviceable  assets  available  at  the  beginning  of  * ! 

period  1,  Negative  values  of  w.  denote  backorders  outstanding  | 

* :l 

at  the  beginning  of  the  period,  j 

* quantity  of  serviceable  assets  procured  from  the  external  | 

vendor  for  delivery  during  period  1; 

■■  quantity  of  reparable  assets  scheduled  to  complete  repair 
during  period  1, 

dj^  = demand  for  serviceable  assets  during  period  i. 
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where  denotes  a random  variable  with  distribution  function  F^(d^),  and 
dj_,dj  are  statistically  independent  for  all  i^j. 

The  above  variables  are  related  by  the  following  material  balance 
equation. 


(1)  Wi+i  = + r^  - dj^ 

where  wj^,  the  initial  on-hand  serviceable  inventory,  is  assumed  known. 

Cost  of  Procurement . Repair.  Holding,  and  Shortage.  Let  us  now 
consider  the  cost  components  of  operating  this  system.  We  define: 

CPi(qi)  = cost  of  procuring  q^^  units  for  delivery  at  the  end  of 
period  i, 

CRi(rj^)  = cost  of  completing  repair  of  assets  during  period  i, 
CHiCWi^l)  = cost  of  holding  units  of  stock  at  the  end  of 

period  1 (i.e.  the  beginning  of  period  i + 1).  If 
'^i+l  negative,  CH^(wj^^.j^)  denotes  a penalty  charge 
for  backorders, 

where  CPj^(qj^),  CRj^(rj^),  and  are  known,  real,  single-valued 

functions  representing  the  present  value  of  all  relevant  costs  discounted 
to  the  beginning  of  period  1.  For  example,  CP^Cq^^)  might  represent  a 
fixed  cost  to  order  plus  a series  of  price  breaks.  The  function  CR^(rj^) 
night  quantify  a set-up  time  and  a learning  curve  effect,  while  the  function 
might  represent  a linear  charge  per  unit  for  holding  stock,  and 
another,  higher  linear  charge  for  each  unit  backordered.  These  examples 
are  Illustrated  in  Figure  2a,  2b,  and  2c. 
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Cost  of  Replanning 

As  noted  earlier,  we  assume  that  the  detailed  schedules  will  serve  as  a 
basis  for  procurement  contracts  with  external  suppliers  and  for  training  and 
material  planning  for  the  repair  organization  Itself.  Hence,  once  theoe 
plans  are  established,  it  is  extremely  difficult  to  change  them,  at  least  In 
the  short  term.  Figure  2d  illustrates  one  cost  structure  that  might  be 
related  to  changes  in  an  established  plan.  In  the  figure,  r^  denotes  the 
number  of  units  that  were  originally  planned  to  be  repaired  in  period  i,  and 

CMR^(rj^)  denotes  the  expected  cost  of  modifying  the  repair  quantity  from  the 

* 

original  value  of  r^  units  to  the  new  value  of  r^  units.  Hence,  CMR^(t.j^) 

represents  costs  required  to  replan  the  repair  effort,  and  to  take  those 

seeps  required  to  implement  the  revised  plan.  For  example.  Figure  2d  represents 

a situation  in  which  replanning  costs  increase  rapidly  as  the  planned  repair 

quantity  is  Increased.  This  effect  may  occur  when  many  expediting  actions 

must  be  taken  to  Insure  adequate  material  and  manpower  resources  to  satisfy 

the  increased  repair  program.  Figure  2d  also  indicates  that  replanning 

costs  Increase  if  the  scheduled  repair  is  reduced  below  the  originally  planned 

level.  This  is  due  to  efforts  required  to  reassign  manpower  to  other  projects, 

and  to  Inventory  holding  and  material  handling  costs  Incurred  when  staged 

materials  are  held  over  for  use  In  later  periods. 

Mote  that  we  may  form  a composite  function 

CRi(rj^)  - CR^(ri)  + QlRj^Cr^) 

representing  the  total  of  repair  and  replanning  costs  to  be  Incurred  If  r^ 
units  are  scheduled.  Similarly,  we  may  form  a composite  function 
CPj^(qi)  = + CMQi(q^) 

representing  the  sum  of  all  procurement  costs — including  replanning  costs 
CMQi(qi)-  -associated  with  a new  scheduled  procurement  of  q^  units. 
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Costs  of  Expediting  Reparable  Asset  Deliveries.  Now  let  us  consider 
costs  of  insuring  sufficient  reparable  assets  are  available  to  support  an 
established  repair  schedule.  As  noted  above,  tum-ins  of  reparable  assets  are 
returned  to  the  manufacturing  facility  and  stored  until  needed.  We  assume 
that,  if  necessary,  dellveiry  of  these  assets  to  the  repair  facility  may 
be  expedited  to  Insure  sufficient  reparable  assets  are  available  to  support 
the  repair  schedule.  In  general,  such  expediting  costs  will  increase 
significantly  with  the  amount  of  "speed-up”  in  deliveries.  To  quantify  these 
costs,  let  y^  denote  the  cumulative  number  of  reparable  assets  scheduled  to 
be  started  into  repair  in  periods  1 through  i - 1,  where  yj^  = 0 by  definition 
and 


(2)  - y^+r^  for  2tfi^I 

Finally,  let 

CYj^(yj^,r£)  = cost  of  insuring  at  least  r^^  reparable  assets  are 

available  at  the  beginning  of  period  i given  y^^ 

assets  have  started  repair  in  previous  periods. 

For  example,  suppose  there  are  u reparable  assets  on  hand  at  time  T^,  and 

let  t]^»t2 denote,  respectively,  the  arrival  times  of  the  first,  second, 

th 

...,  and  n reparable  assets  if  lo  expediting  actions  are  taken.  If  we 
assume  the  cost  to  expedite  the  reparable 'asset  is  proportional  to  the 
speed-up  in  the  arrival  time  of  that  asset,  the  cost  of  assuring  the 
reparable  asset  arrives  by  the  beginning  of  period  i is  given  by 


CT.(t^-Ti) 


if  ^ T, 


Cm 


\ 


i 


0 


otherwise 
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where  CT  denotes  the  cost  per  unit  time  of  the  speedup.  Hence,  the  expected 

expediting  cost  in  period  1 Is  given  by 

y-u+r  , 

CYi(,,r)  - E CT.Ct  -T 

n-y-u+1  “ 

where  denotes  the  probability  density  function  associated  with  t^. 

Another  useful  form  of  the  CY^(y,r)  function  Is  derived  as  follows: 

Suppose  the  expediting  cost  In  a given  period  Is  proportional  to  the  number 

of  assets  expeditled.  LetNp^(nj^)  denote  the  probability  that  exactly  n^^ 

reparable  assets  will  arrive  in  periods  1 thru  1-1  unless  expediting  actions 

are  taken  to  assure  more  arrivals.  If  y^+r^  assets  are  required  to  suppjrt 

repair  in  periods  1 through  1,  no  expediting  will  be  required  in  period  1 If 

if  reparable  arrivals  exceed  net  requirements).  On  the 

other  hand,  if  y^^-u  < n < y^  + r^^  - u then  (yj^+r j^-u)-nj^  assets  must  be 

expedited  to  support  the  repair  schedule.  Finally,  If  n^^  < Fl'^i*  then  (y 

(yj^+r^-u  )-(y£”U)  , additional  assets  must  be  expedited  in  period  1.  This 

latter  case  results  from  the  assumption  that  the  delivery  of  y^  units  is 

assured.  If  necessary,  by  actions  taken  prior  to  period  1.  Hence,  under 

these  assumptions,  the  expected  cost  of  assuring  an  additional  r^^  assets  are 

available  at  the  beginning  of  period  1 is  given  by 

y-u+r  y-u 

CYi(y.r)  ■ CE*[I  (y+r-u-n^)Pj_(n^)  + r Pj^(n^)] 

n*y-u+l 

where  CE  denotes  the  cost  per  unit  expedited. 


In  those  cases  in  which  Pj^(nj_)  may  be  approximated  by  a Normal 
distribution  with  known  mean  and  variance,  formulas  given  by  Brown  Z4,p.937 
may  be  used  as  a convenient  way  to  compute  CY^^Cy^r). 

Operating  Costs  in  Period  From  the  above  discussion  the  total  cost 
of  operating  the  Inventory /repair  system  during  period  i,  given  the 
item  is  not  obsolete  at  the  end  of  period  i,  is  given  by 

(3)  = CPj^(qj^)  + CRj^(rp  + CHi(wi+i)  + CYiCy^^.r^^) 

Cost  of  Obsolence.  Let  denote  a survival  probability  associated 
with  period  1,  l.e.,  let  Bj^  denote  the  conditional  probability  that  the 
Item  is  not  obsolete  at  the  beginning  of  period  i+1  given  it  is  not 
obsolete  at  the  beginning  of  period  1.  For  the  moment,  we  assume  that  if 
an  item  becomes  obsolete  during  period  i,  the  procurement  and  repair  actions 
then  in  effect  may  be  canceled  at  a net  cost  of  COPj^(q^)  and  COR^Cr^), 
respectively,  and  that  available  inventories  of  the  obsolete  item  are 
immediately  disposed  of  at  a net  cost  of  COW^Cw^).  If  more  than  one  period 
Is  required  to  complete  these  obsolescence- imposed  actions  (or  if  period  1 
Is  sufficiently  long  for  discounting  to  be  significant)  we  assume  COP^Cq^), 
COR^(r^)  and  COW^(w^)  denote  the  present  value  of  all  relevant  costs  at  the 
beginning  of  period  1.  Hence,  the  total  cost  TCOB^  of  operating  the 
Inventory/repair  system  during  period  1 given  obsolescence  occurs  within  the 
period  is  given  by 

(4)  TCOBj^  - COP^(q^)  + CORj^(rj^)  + COW£(wi) 
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Total  Expected  Cost  In  Period  i.  From  the  above  discussion,  the 
expected  cost  of  operating  the  inventory  system  during  period  1,  ETC^, 
given  the  Item  Is  not  obsolete  at  the  beginning  of  the  period,  Is  given  by 


(5) 


ETC 


^ - B^E  TCi  + (1  - B^)E  TCOB^ 


where  E . denotes  the  expectation  operator.  Substituting  (3)  and  (4) 
into  (5) , we  obtain 

(6)  ETCj^  « BitCPi(qj^)  + CRi(ri)  + CHi  fw  + CYj^(yi,ri)  ] 

+ (l-Bi)[COPi(qi)  + CORi(ti)  + COWi«»p  ] 

Observe  that  since  CP^Cq^^),  CR^Cr^),  CYj^(yi,  r^) , COP^Cq^^)  and  CORj^(r^) 
contain  no  random  elements,  equation  (6)  may  be  written  as 

(7)  ETC^  = CP|(qi)  + CR[  (r^  + CY|  (yj^,  r^)  + B^E<CH^(w^  +(l-Bi)E(COW^(wi)) 

where 

(8)  CP^Cq^)  = BiCPj^(qj^)  + (l-Bi)COP^(q^) 

(9)  CRi(qj^)  = B^CRj^(ri)  + (l-Bj^)CORi(ri) 

(10)  CYi(y^,rj^)  » 

Observe  that  equation  (1)  Implies 

(11)  . » 1 .1  -*1  + L (it«t)  - ^ ‘.1  dt 

for  1 > 1.  Now  let  *=  Wj^  and  define 

1-1 


*i“^l+  ^ 

t«l  t t 


(12) 

for  1 > 1 and 
(13) 

for  1^1*  Substituting  (12)  and  (13)  Into  (11),  we  obtain 


t “ 1 


V 
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(14)  w 1+1  ■ *1  + <11  + >^1  “ 
which  may  also  be  written  as 

(15)  w 

Note  that  zi+i  represents  the  total  number  of  serviceable  assets  available 
to  meet  demands  In  periods  1 through  1,  while  denotes  the  cumulative 
demand  in  these  periods. 

Since  is  the  sum  of  i random  variables  dj^,  d2,...,d^,  the  distri- 
butlon  function  of  Di*  ^iCD^^),  is  the  i-fold  convolution  of  the  distribution 
functions  F^(d^) ,t=l,2, . . . ,i.  Hence,  knowing  F^(dt),  we  may  evaluate  the 
last  two  terms  in  (7). 

Specifically, 

(16)  E iCH^(  = ECH^(z^  + Hi  + n^) 

where  a 


(17)  ECHi(  0.  ) CH^(  a -op  ♦iCDp 


where  *^(0^)  denotes  the  probability  density  function  associated  with$j^(Dp. 

Also, 

(18)  E {COWj^CcOj^)}  = ECOWj^Czp 

where 

(19)  ECOW.(z)  =1  COW^(z-D)  (D  ) 

* ''O 

Hence,  we  may  write  equation  (7)  as 

(20)  ETC^  - CP[(qp-fCRi(rp  + CY^(yi,rp  + CHi(zi,q^,rp 
where 

(21)  CH^Czi.q^.r^)  = BjECH-Cz.  + + r^)  + (l-BpECOW^(z^) 

and  where  y^  and  z^^  are  defined  by  equations  (2)  and  (12). 


The  Single-Item  Problem.  Let  Hi,  •^0  , denote  the  discounted  value 

•t  the  beginning  of  period  1 of  one  cost  unit  at  the  beginning  of  period  i+1 


For  notational  convenience,  let 


for  1^1.  We  wish  to  determine  fixed  procurement  and  repair  schedules  for 


the  item  under  consideration  so  as  to  minimize  the  expected  discounted  costs 


of  operation  the  inventory  system  over  a given  planning  horizon  of  I periods 


In  symbols,  our  problem  is  to  determine  Q 


subject  to  (2)  and  (12) . We  will  call  this  problem  Fl 


This  problem  may  be  solved  by  a straight-forward  I-stage  dynamic 


programming  computation.  To  see  this,  let 


Z, (y, ,Zj)  “ minimum  expected  cost  in  periods  i,  i*l 


the  planned  serviceable  Inventory  at  the  beginning  of  period 


unserviceable  assets  must  be  provided  to 


support  the  repair  schedule  in  periods  1 through  i-1,  and 
optimal  procurement  and  repair  quantities  are  scheduled 


in  period  i and  all  subsequent  periods 


Hence,  the  set  of  values  Q,R  which  minimize  Z^(yj^,Zj^)  = Zj^(0.  Wj^)  solves 
Fl.  Following  the  argiiments  in  Nemhauser  (18,  p 1551,  the  required  values 
may  be  determined  by  the  backward  recursive  computation  of  for  all 

feasible  " pairs  for  i “ I,  I>1,...,2,1,  where 

(26)  fi+lCyi+l.^i+i)  - 0 for  all  y^^^^ 
and 

Min  ( CP’(q  )-tCRi(r.)+CY^^(y.,r,)  + CHj  (z.  ,q  .r,  ) 

(27)  Z^(y^,Zi)  - q^r^  ^ ^ ^ i i i 

■‘^^i^i+l^^i'^’^i’^i'^i'^i^^  for  1 i I. 

Once  Z^(.,.)  has  been  computed,  the  required  procurement  and  repair  schedules 

may  be  determined  by  the  usual  dynamic  programming  backtracking  calculations. 

Multi-Period  Leadtimes.  The  model  presented  above  may  be  extended  to 

represent  multiple-period  procurement  or  repair  leadtimes.  Let  LR  and  LQ 

denote,  respective  ly,  the  number  of  periods  between  the  start  of  procurement 

t 

and  repair  actions  and  the  completion  of  those  actions.  Let  CRj^  (^i+t-1^ 

tih 

denote  the  cost  incurred  during  period  i to  support  the  t—  period  of 
repair  for  the  r^+t-l  scheduled  to  complete  repair  in  period  i+t-1, 

and  let  CpJ(qj^^^  j^)  denote  a similarly  defined  procurement  cost  function. 

Let  COP^Cq^+t-l)  ^^^i^’^i+t-l^  denote,  respectively,  the  net  cost  of 
terminating  procurement  or  repair  actions  that  are  in  the  t—  period  of 
completion  during  period  i should  the  item  become  obsolete  during  the 
period,  and  let  COW^fr^)  and  defined  as  above.  Note  that  when 

multiple-period  repair  flow  times  are  Involved,  reparable  carcasses  must 
be  available  in  period  1 -LR  if  r^  units  are  to  complete  repair  in  period  i* 
This  fact  must  be  considered  in  conq>uting  numeric  values  for  CYj^(.). 
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The  revised  problem,  P2,  is  to  determine  fixed  joint  procurement  and 
repair  schedules  so  as  to  minimize  ETC,  tie  expected  total  cost  of  operating 
the  system  over  I periods,  where 


I LQ  LR 

(28)  ETC  - E ai[B.  < Z CPj  (q.+t.n  CS-l  (ri+t-l)  + 

i-1  ‘ t « 1 * ^ t-1 

cYiCyi.r^)  + ECHi^  (Zi  + qi  + ^ ^*»i+t-l> 

LR 

+ E ^ ^ ^ COrJ  (qi+t_i>+  ECOW^  (Wi))l 

subject  to  (2)  and  (12).  We  assume  that  qj,q2»**«»qLQ  ^1»’^2' * * * »’^LR 

the  procurement  and  repair  quantities  already  in  process  at  the  beginning 
of  period  1,  are  known. 

Expanding  (28)  and  regrouping  terms,  we  obtain 

(29)  ETC  - Z I Cp/'  (qP  + CR  (r  j)  + CY  i'(yi,r  j)  + CH  (z  i,q  ^.r.  )J 

where 

„ LQ 

(30)  CPi  (qp  - Z a r-Bi-LQ+tCPi.LQ+tCqi)  + (l-Bi.LQ+t>  COPl-LQ+t 

(qi)] 

^ LR  t 

(31)  CRi  (ri)  - ^ a^-LR+t  I®iJLR+t  ®^i-LR+t  (^i)  + (1-Bi-LR+t  COR^  (q.)l 

t-1  ^ i -LR-t  ‘ 

(32)  CYi''(yi,ri)  - a^BiCYi(yiri) 

(33)  CH^^(zi,qi,ri>«itBiECHi(zi4qi+ri)  + (l-Bi)ECOWi(Zi)  ] 

Observe  that  (29)  has  the  same  form  as  (25).  Hence,  the  dynamic 
programming  calculation  described  above  may  also  be  used  to  solve  the 
multi-period  leadtime  problem,  P2. 
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III.  The  Support -Level  Algorithm 

Although  the  dynamic  programming  calculation  (27)  provides  an  optimum 
solution  to  the  problem  (PI),  substantial  computational  costs  may  be 
required  if  the  number  of  (q^^.r^) -pairs  which  must  be  evaluated  is  large 
One  method  of  reducing  these  costs  is  to  reduce  the  set  of  (q^,r^)-palrs 
explicitly  considered  in  the  recursive  computation.  In  many  situations, 
the  savings  in  computational  costs  obtained  through  this  device  may  more 
than  compensate  for  the  suboptlmallty  of  the  resulting  solution. 

One  particularly  promising  simplification  is  based  upon  an  extension 
of  ideas  employed  in  the  classical  dynamic  lot-size  model  to  the  fixed- 
schedule,  probabilistic-demand  situation  considered  here.  Recall  that 
Wagner  and  Whitin  [30]  devised  an  algorithm  to  determine  the  optimum 
solution  Q*=(q*j^,q*2» • • • »q*i)  to  the  problem  of  minimizing  C(Q), 

I 

(34)  C(Q)  « ^ Z6P^(qp  + CH^(w  ^^i)7 

subject  to 

<35)  « 

(36)  w I > 0 

where  is  assumed  known,  demand  d^  is  deterministic,  and  the  cost  functions 
CPji^(q^)  and  CH£(Wj^^^)  are  concave.  Observe  that  (34) -(36)  is  a special  case  of 
problem  pi.  Manne  (1958)  observed  that  an  optimum  solution  to  the  problem 
(34)-(36)  is  characterised  by  the  fact  that  procurement  deliveries  (i.e.  q^'^O) 


f 

I 


may  take  place  in  a period  only  if  no  inventory  enters  that  period.  Thus,  if 
a delivery  occurs  in  period  1 and  next  in  period  s-i,  and  if  these  delivery 


r 

ri^ 
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declslons  are  components  of  the  optimum  solution  to  the  dynamic  lot  size 
problem  (34-(36),  then  the  delivery  quantity  is  given  by 


8-1 

(37)  q*.  - I d 

t-1 

where  d denotes  the  requirement  In  period  t.  That  is,  under  an  optimal 
policy  for  the  dynamic  lot  size  problem,  the  quantity  delivered  In  period  1 Is 
Just  sufficient  to  satisfy  the  known  requirements  In  1,  1+1,..., s-1. 

Wagner  and  Uhltln  provide  an  efficient  algorithm  that  exploits  these  properties. 

The  Support  Level  Algorithm  (SLA)  defined  below  is  an  appUfcation  of 
ideas  employed  in  the  Wagner-Whitin  algorithm  to  the  problem  pi.  The 
algorithm  consists  of  several  phases.  During  phase  h,  we  compute  the 
minimum  cumulative  number  of  serviceable  assets  x^  which  must  be  delivered 
to  serviceable  stocks  in  periods  1 through  i to  guarantee  there  is  no  more 
than  an  o^-  probability  of  a stockout  at  the  end  of  period  i.  Specifically, 
given  the  initial  value  of  on  hand  stocks  w^,  we  compute 


li 


(38)  7L^  = min  (xl*  (x+Wj)l  « h) 

x>o 

where  ^^(x)  denotes  the  probability  distribution  function  of  (i.e. 
\(x)  * Prob  (D^£  x))  and  is  a specified  constant.  We  call  the 
"support  level"  associated  with  the  cumulative  delivery  schedule  x = 

(x  i,X2, . . . ,xi)  . Now  let  D*  = (d*j^,d*2, . . . ,d*j-)  denote  the  schedule  of 
incremental  values  of  X;  i.e.  let 


( 

I 


I 


-19- 


E 

i: 


r. 

r. 

r. 

i; 

r. 

i: 

i: 

i: 


Li 

G 
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(39)  =x^ 

<**1  - *1  - *1-1 
for  i ^ 1. 

The  SLA  algorithm  restricts  its  attention  to  delivery  schedules 
constructed  from  D*  with  the  properties  of  an  optimal  solution  to  the 
classical  dynamic  lot  size  model,  i.e.,  the  algorithm  restricts  its 
attention  to  (q£,rj^)-pairs  such  that  in  period  i 

8 

(40)  ^ 

t=i 

for  some  8>  i,  and  rj^  is  restricted  to  the  set  (d*j^,d*£4d*^^j^, . . .d*j^  4d*£+l» +d*j) . 

Further,  we  assume  that  if  Dis  units  are  scheduled  to  be  delivered 
during  period  i (from  repair  and/or  procurement,)  where 

8-1 

(41)  Di.  - I d* 

t»r 

then  no  other  deliveries  will  be  scheduled  until  period  s.  Now,  let 
g^g^(yj^)  denote  the  sum  of  a)  costs  of  scheduling  units  to  complete 
repair  in  period  i,  b)  costs  of  scheduling  Dgj.  units  to  be  delivered 
from  the  outside  vendor  in  period  i,  c)  holding  and  shortage  costs  in 

periods  1,  1+1 t-1  given  y^^  assets  have  started  into  repair  in 

periods  1 through  1-1.  Hence,  by  definition 


I 

I 


I 


t-1 

(42)  giat(yi)  - CP’^(D8t>  + + ^i^yf^is^  ^ C’Hl^*i'^''lt> 

k-1  ^ 


1 


I 

I 

I 
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wlicr*;  2,  is  defined  as  above.  Observe,  ho-A’ever,  tha;  the  restriction  (39) 


and  (40)  and  equation  (12)  imply  that  if  a delivery  is  scheduled  in  period  i, 


1-1 


Hence,  since  ” ^It’  written  as 


t-1 


8l8t(yi)  = CP'^(Dst)  + + CYi^yi-^ig)  + ^ ^ ^CH{;(wi  + Dj^^) 


Now  let  f£(y£)  denote  the  minimum  cost  over  periods  i,  i+l,...,I 
given  a delivery  occurs  in  period  1 and  y^^  units  have  started  into  repair 
in  periods  1 thru  1-1.  Defining  ^i+iCyx+il  “ ® yi+i*  backward 

recursive  computation  of 


(45)  f^(yj^)  * min  (min  tg  ^ I 

11t<I+l  ■(l<s<t  1 c 1 IS  j 


for  all  possible  values  of  y^  yields  an  optimal  schedule  subject  to 
condition  (40) . 

With  the  above  Introduction,  we  may  state  the  Support  Level  Algorithm 
as  follows: 

A.  Given:  H,  the  number  of  support  levels  to  be  considered; 

a 1^,  for  h - 1,2 H; 

* j^(»)  , for  1 ■ 1,2 1;  and 

w , the  initial  on  hand  serviceable  inventory. 

1.  Set  h-1  and  FMIN  - « 

2.  Compute  X and  D*  using  equations  (38)  and  (39). 


1 


I 
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3.  Set  1=1. 

I I 

4.  Evaluate  f^Cy^)  using  (45)  for  y£=0,l,2 where  y^^ 

la  a reasonable  upper  bound  on  y^. 

Let  S£(y£)  and  T^Cyj^) , respectively,  denote  the  values  of 
s and  t which  produce  the  minimum  fj^(yj^)  In  (45). 

5.  If  1=1,  go  to  step  6;  otherwise  replace  1 by  1-1  and 
repeat  step  4. 

6.  The  current  value  of  fj(0)  Is  the  minimum  discounted  cost 
associated  with  support  level  h.  If  fj^(0)^FMlN,  go  to 
step  7;  otherwise,  go  to  step  8. 

7.  We  wish  to  record  the  schedule  associated  with  fj(0)  as  the 
best  schedule  found  to  this  point  in  the  computation.  To 
do  this,  perform  the  following  steps: 

a.  Set  1=1  and  let  y*=0 

b.  Set  s=S£(y*)  and  t=Tj^(y*) 

* * 

c.  Then  r =Dg(.,  and  Rk=qit=0  for  k=i+l,  1+2,..., t-1. 

d.  If  t=I+l,  go  to  step  8;  the  best  schedule  has  been 
Identified.  Otherwise,  set  i=t  and  y*=y*+Dj^g  and  go 
to  step  7b. 

* * 

8.  If  h=H  stop;  the  set  (rj^,q^)  with  associated  cost  FMIN  Is 
the  minimum  cost  schedule  satisfying  SLA  restrictions. 
Otherwise,  set  h=h+l  and  go  to  step  2. 

The  Repair  Algorithm.  Observe  that  If  procurement  is  not  possible, 

equations  (2)  and  condition  (40)  imply  that  if  a repair  completion  is  to 

occur  In  period  1,  then  Y =0 

1 11. 
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Hence,  in  this  case,  in  step  4 of  the  SLA  we  need  consider  only  one  value 
for  the  state  variable,  i.e.  yi=Dii»  This  significantly  reduces  the  com- 
putational burden  associated  with  SLA  calculations.  In  essence,  this  sim- 
plification reduces  the  SLA  calculations  to  be  quite  similar  to  the  classical 
Wagner-Whltln  algorithm. 

The  Procurement  Algorithm.  Now  suppose  that  procurement  is  possible, 
but  repair  is  not  a feasible  alternative.  In  this  case,  equation  (2)  and 
condition  (40)  imply  that  must  equal  0.  Hence,  in  this  case  as  above, 
we  need  consider  only  one  value  for  y^  in  step  4 of  the  SLA;  namely,  y£=0. 
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state  variables  and  two  decision  variables  for  each  planning  period.  Next, 
we  present  the  Support  Level  Algorithm  (SLA)  which  determines  an  optimal 
"Mamne-type”  schedule.  In  two  important  special  cases,  the  SLA  simplifies  to 
a form  quite  similar  to  the  well-known  Wagner-Whitin  algorithm. 
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